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1. Introduction      
In recent years, the increasing concerns to environmental issues demand the search for more 
sustainable electrical sources. Wind energy can be said to be one of the most prominent 
renewable energy sources in years to come (Ackermann, 2005). And wind power is 
increasingly considered as not only a means to reduce the CO2 emissions generated by 
traditional fossil fuel fired utilities but also a promising economic alternative in areas with 
appropriate wind speeds. Albeit wind energy currently supplies only a fraction of the total 
power demand relative to the fossil fuel fired based conventional energy source in most 
parts of the world, statistical data show that in Northern Germany, Denmark or on the 
Swedish Island of Gotland, wind energy supplies a significant amount of the total energy 
demand. Specially it should be pointed out that in the future, many countries around the 
world are likely to experience similar penetration levels. Naturally, in the technical point of 
view, power system engineers have to confront a series of challenges when wind power is 
integrated with the existing power system. One of important issues engineers have to face is 
the impact of wind power penetration on an existing interconnected large-scale power 
system dynamic behaviour, especially on the power system small signal stability. It is 
known that the dynamic behavior of a power system is determined mainly by the 
generators. So far, nearly all studies on the dynamic behavior of the grid-connected 
generator under various circumstances have been dominated by the conventional 
synchronous generators world, and much of what is to be known is known. Instead, the 
introduction of wind turbines equipped with different types of generators, such as doubly-
fed induction generator (DFIG), will affect the dynamic behaviour of the power system in a 
way that might be different from the dominated synchronous generators due to the 
intermittent and fluctuant characteristics of wind power in nature. Therefore, it is necessary 
and imperative to study the impact of intermittent wind generation on power system small 
signal stability. 
It should be noticed that most published literature are based on deterministic analysis which 
assumes that a specific operating situation is exactly known without considering and 
responding to the uncertainties of power system behavior. This significant drawback of 
deterministic stability analysis motivates the research of probabilistic stability analysis in 
which the uncertainty and randomness of power system can be fully understood. The 
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probabilistic stability analysis method can be divided into two types: the analytical method, 
such as point estimate method (Wang et al., 2001); and the simulation method, such as 
Monte Carlo Simulation (Rueda et al., 2009). And most published literature related to 
probabilistic stability analysis are based on the uncertainty of traditional generators with 
simplified probability distributions. With increasing penetration levels of wind generation, 
and considering that the uncertainty is the most significant characteristic of wind 
generation, a more comprehensive probabilistic stability research that considering the 
uncertainties and intermittence of wind power should be conducted to assess the influence 
of wind generation on the power system stability from the viewpoint of probability. 
Generally speaking, the considered wind generation intermittence is caused by the 
intermittent nature of wind source, i.e. the wind speed. Correspondingly, the introduction 
of the probability distribution of the wind speed is the key of solution. In our work, the well-
known Weibull probability density function for describing wind speed uncertainty is 
employed. In this chapter, according to the Weibull distribution of wind speed, the Monte 
Carlo simulation technique based probabilistic small signal stability analysis is applied to 
solve the probability distributions of wind farm power output and the eigenvalues of the 
state matrix. 
2. Wind turbine model 
In modelling turbine rotor, there are a lot of different ways to represent the wind turbine. 
Functions approximation is a way of obtaining a relatively accurate representation of a wind 
turbine. It uses only a few parameters as input data to the turbine model. The different 
mathematical models may be more or less complex, and they may involve very different 
mathematical approaches, but they all generate curves with the same fundamental shapes as 
those of a physical wind turbine. 
In general, the function approximations representing the relation between wind speed and 
mechanical power extracted from the wind given in Equation (1) (Ackermann, 2005) are 
widely used in modeling wind turbine.  
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where Pm is the power extracted from the wind; ǒ is the air density; Cp is the performance 
coefficient; λ is the tip-speed ratio (vt/vw), the ratio between blade tip speed, vt (m/s), and 
wind speed at hub height upstream of the rotor, vw (m/s); Awt=ǑR2 is the area covered by the 
wind turbine rotor, R is the radius of the rotor; Vw denotes the wind speed; and β is the 
blade pitch angle; Vcut-in and Vcut-offt are the cut-in and cut-off wind speed of wind turbine; 
Vrated is the wind speed at which the mechanical power output will be the rated power. 
When Vw is higher than Vrated and lower than Vcut-off, with a pitch angle control system, the 
mechanical power output of wind turbine will keep constant as the rated power. 
It is known that the performance coefficient Cp is not a constant. Usually the majority of 
wind turbine manufactures supply the owner with a Cp curve. The curve expresses Cp as a 
function of the turbine’s tip-speed ratio λ. However, for the purpose of power system 
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stability analysis of large power systems, numerous researches have shown that Cp can be 
assumed constant. Fig. 1 (Akhmatov, 2002) gives the curves of performance coefficient Cp 
with changing of rotational speed of wind turbine at different wind speed conditions (βis 
fixed). According to Fig. 1, by adjusting the rotational speed of the rotor to its optimized 
value ωm-opt, the optimal performance coefficient Cpmax can be reached. 
 
 
Fig. 1. Curves of Cp with changing of ωm at different wind speed 
In this chapter, we assume that for any wind speed at the range of Vcut-in < Vw≤Vrated, the 
rotational speed of rotor can be controlled to its optimized value, therefore the Cpmax can be 
kept constant. 
3. Mathematical model of DFIG 
The configuration of a DFIG, with corresponding static converters and controllers is given in 
Fig.1. Two converts are connected between the rotor and grid, following a back to back 
scheme with a dc intermediate link. Fig.2 gives the reference frames, where a, b and c 
indicate stator phase a, b and c winding axes; A, B and C indicate rotor phase A, B and C 
winding axes, respectively; x-y is the synchronous rotation coordinate system in the grid 
side; θ is the angle between q axis and x axis. 
Applying Park’s transformation, the voltage equations of a DFIG in the d-q coordinate 
system rotating at the synchronous speed ωs, in accordance with generator convention, 
which means that the stator and rotor currents are positive when flowing towards the 
network, and real and reactive powers are positive when fed into grid, can be deducted as 
follows in a per unit system. 
 
1 ds
ds s ds qs
s
d
U R I
dt
ψψ ω= − − +  (2) 
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Fig. 2. Schematic diagram of DFIG with converters and controllers 
 
 
Fig. 3. Reference coordinates for DFIG 
 
1 qs
qs s qs ds
s
d
U R I
dt
ψψ ω= − + +   (3) 
 
1 dr
dr r dr qr
s
d
U R I s
dt
ψψ ω= − − +   (4) 
 
1 qr
qr r qr dr
s
d
U R I s
dt
ψψ ω= − + +   (5) 
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 ds s ds m drX I X Iψ = − −   (6) 
 qs s qs m qrX I X Iψ = − −   (7) 
 dr r dr m dsX I X Iψ = − −   (8) 
 qr r qr m qsX I X Iψ = − −   (9) 
 ( ) ( )g s r ds ds qs qs dr dr qr qrP P P U I U I U I U I= + = + + +   (10) 
 ( ) ( )g s r qs ds ds qs qr dr dr qrQ Q Q U I U I U I U I= + = − + −   (11) 
 2 e m
ds
H T T
dt
= −   (12) 
Where U, I, Ψ denote the voltage, current and flux linkage; P and Q denote the real and 
reactive power outputs of wind generator, respectively; Tm and Te denote the mechanical 
and electromagnetic torques of wind generator, respectively; R and X denote resistance and 
reactance, respectively; the subscripts r and s denote the stator and rotor windings, 
respectively; the subscript g means generator; H is the inertia constant, and t stands for time; 
s is the slip of speed. 
The reactances Xs and Xr can be calculated in following equations. 
 s s mX X Xσ= +   (13) 
 r r mX X Xσ= +   (14) 
Where Xsσ and Xrσ are the leakage reactances of stator and rotor windings, respectively; Xm 
is the mutual reactance between stator and rotor. 
The aforementioned equations describe the electrical dynamic performance of a wind 
turbine, namely, the asynchronous machine. However, these equations are not suitable for 
small signal analysis directly. It is necessary and imperative to deduce the simplified and 
practical model. The following assumptions are presented to model the DFIG. 
a. Magnetic saturation phenomenon is not considered during modelling; 
b. For the wind turbine equipped with DFIG, all rotating masses are represented by one 
element, which means that a so-called ‘lumped-mass’ or ‘one-mass’ representation is 
used; 
c. The stator transients and stator resistance are negligible, i.e. 0ds
d
dt
ψ = , 0qsd
dt
ψ = , and 
Rs=0 in Eqs (2) and (3). 
Furthermore, the stator flux-oriented control strategy (Tapia et al., 2006) is adopted in this 
work, which makes the stator flux ψs line in accordance with d-axis, as depicted in Fig.3., i.e. 
 s sdψ ψ=   (15) 
 s 0qψ =   (16) 
www.intechopen.com
 From Turbine to Wind Farms - Technical Requirements and Spin-Off Products 
 
166 
Then the stator voltage equations can be rewritten as 
 0dsU =   (17) 
 s s tqU Uψ= =   (18) 
Where Ut is the terminal voltage;  
From Fig. 3, the vector of stator voltage Us=Ut is always align with q axis with the stator 
flux-oriented control strategy. And according to the stator flux linkage equations (6) and (7), 
the stator currents Ids and Iqs can be represented as the function of rotor current and terminal 
voltage Ut, i.e. 
 
1
( )ds t m dr
s
I U X I
X
= − +   (19) 
 
1
qs m qr
s
I X I
X
= −   (20) 
Substituting equations (8) and (9) in equations (4) and (5), we find 
 r drdr r dr r qr
s
X dI
U R I sX I
dtω
′ ′= − − +   (21) 
 
qrr m
qr r qr r dr s
s s
dIX X
U R I sX I s
dt X
ψω
′ ′= − − − +   (22) 
Where Xr’=Xr-Xm2/Xs. 
Consider that the grid-side converter of DFIG always operates at unity power factor, i.e.  
Qr= 0, the reactive power Qg is equal to the stator reactive power Qs, i.e. Qg=Qs. In the steady 
state analysis, in accordance with the expressions of stator power and the rotor power, it can 
be proved that Pr=-sPs, and  Pg=Ps/(1-s). Accordingly, the real and reactive powers equations 
and the torque equation can be rewritten as 
 /(1 )
(1 )
t
g s m qr
s
U
P P s X I
X s
= − = − −   (23) 
 ( )tg s t m dr
s
U
Q Q U X I
X
= = − +   (24) 
 2 ( ) me m ds qs qs ds m t qr m
s
Xds
H T T I I T U I T
dt X
ψ ψ= − = + − = − −   (25) 
Finally, the equations (17-18), (21-22), (23-25) constitute the 3rd order simplified practical 
DFIG model. 
4. Mathematical model of DFIG Converters 
As shown in Fig.2, the model of DFIG frequency converter system consists of rotor-side 
converter, grid-side converter, the dc link and the corresponding converter control. In this 
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chapter, it is assumed that the grid-side converter is ideal and the dc link voltage between 
the converters is constant during analysis. This decouples the grid-side converter from the 
rotor-side converter. The rotor-side converter is assumed to be a voltage-controlled current 
source, and the stator flux-oriented control strategy is employed to implement the 
decoupled control of the real and reactive power outputs of DFIG. The overall converter 
control system consists of two cascaded control loops, i.e. the inner control and the outer 
control. The inner control loop implements the rotor current control, and the outer control 
loop implements the power control (Tapia et al., 2006). 
In order to implement the decoupled control of the real and reactive power outputs of DFIG, 
two new variables, ˆ drU , ˆ qrU  are introduced which are defined as: 
 ˆ dr dr r qrU U sX I′= −   (26) 
 ˆ mqr qr r dr s
s
X
U U sX I s
X
ψ′= + −   (27) 
The newly introduced variables can fully make the dynamics of d and q axes decoupling. 
Accordingly, the rotor voltage equations can be rewritten as 
 ˆ r drdr r dr
s
X dI
U R I
dtω
′= − −   (28) 
 ˆ
qrr
qr r qr
s
dIX
U R I
dtω
′= − −   (29) 
In this chapter, two special PI controllers are designed to implement the decoupled control 
of the real and reactive power outputs of DFIG. The block diagrams of rotor-side converter 
including the inner and outer control loops expressed in d and q axes are given in Fig.4 and 
Fig.5. In the rotor current control loop, Tr’=Xr’/R, Tr’ is the time constant of rotor circuit; Idrref, 
Iqrref are the rotor current references in d and q axes, respectively; K2 and T2 are the control 
parameters of PI controller. In the power control loop, Psref, Qsref are the real and reactive 
power references; K1, T1 are the control parameters of PI controller. It should be noted that 
the specific values of K1, T1, K2 and T2 can be determined through pole placement method 
(Tapia et al., 2006). 
In accordance with Fig. 4, the corresponding stator real power control model can be 
described as 
 1 1 1 1( ) ( )
qrref srefs
s sref
dI dPdP
T K T K P P
dt dt dt
− − = −   (30) 
 2 2 2 2
ˆ
( ) ( )
qr qr qrref
qr qrref
dU dI dI
T K T K I I
dt dt dt
+ − = −   (31) 
 
ˆ
qr qrr
qr
s r
dI UT
I
dt Rω
′ = − −   (32) 
www.intechopen.com
 From Turbine to Wind Farms - Technical Requirements and Spin-Off Products 
 
168 
1
1
K
T s
2
2
K
T s
sr
r
sT
R
ω/1
/1
′+
s
mt
X
XU−
srefP−
sP−
qrUˆ
1K 2K
qrrefI−
qrI−
 
Fig. 4. Block diagram of real power control system in rotor-side converter 
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Fig. 5. Block diagram of reactive power control loop in rotor-side converter 
 ss m qr
s
P X I
X
ψ= −   (33) 
Similarly, the corresponding stator reactive power control model can be described as 
 1 1 1 1( ) ( )
drref srefs
s sref
dI dQdQ
T K T K Q Q
dt dt dt
− − = −   (34) 
 2 2 2 2
ˆ
( ) ( )
drrefdr dr
dr drref
dIdU dI
T K T K I I
dt dt dt
+ − = −   (35) 
 
ˆ
r dr dr
dr
s r
T dI U
I
dt Rω
′ = − −   (36) 
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 ( )ss s m dr
s
Q X I
X
ψ ψ= − +   (37) 
So far, based on the stator flux-oriented control strategy, and considering the decoupled 
control of the real and reactive power outputs of DFIG, the whole reduced practical 
electromechanical transient DFIG model consists of the following 7th order model 
 0dsU =   (38) 
 qs tU U=   (39) 
 2 m t qr m
s
Xds
H U I T
dt X
= − −   (40) 
 ˆdr s sdr dr
rr
dI
I U
dt XT
ω ω= − −′ ′   (41) 
 
2
1
1 1
1 1
1 ˆ( ) ( )
drref m s m s t
qs dr qs dr sref
s s r sr
dI X X UK
K U I K U U Q
dt X T X X T XT
ω ω= − + − +′ ′   (42) 
 22 2
2 2
ˆ 1 ˆ( )dr s sdr drref dr
rr
dU K
K I I K U
dt T T XT
ω ω= − − −′ ′   (43) 
 ˆ
qr s s
qr qr
rr
dI
I U
dt XT
ω ω= − −′ ′   (44) 
 11 1
1 1
1 ˆ( )
qrref m s m s
qs qr qs qr sref
s s rr
dI X X K
K U I K U U P
dt X T X X TT
ω ω= − + −′ ′   (45) 
 22 2
2 2
ˆ
1 ˆ( )
qr s s
qr qrref qr
rr
dU K
K I I K U
dt T T XT
ω ω= − − −′ ′   (46) 
5. Model of wind farm of DFIG type 
In this chapter, a simple aggregated model of large wind farm in the small signal stability 
analysis is employed. We assume that currently the operating conditions of all wind 
generators in a wind farm are same, and the wind farm is considered to be formed with a 
number of wind generators jointed in parallel. Therefore, the wind farm can be reduced to a 
single machine equivalent. For a wind farm consisted of N wind generators, the values of 
stator and rotor voltages are same as the value of single machine. The stator and rotor 
currents are N times larger than the single machine. The stator and rotor resistances and 
reactances as well as K2 are 1/N larger than the single machine. The remaining control 
parameters are same as the single machine. 
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6. Small signal stability analysis incorporating wind farm of DFIG type 
Small signal stability is the ability of the power system to maintain synchronism when 
subjected to small disturbances (Kundur, 1994). In this context, a disturbance is considered 
to be small if the equations that describe the resulting response of the system may be 
linearized for the purpose of analysis. In order to analyze the effects of a disturbance on a 
linear system, we can observe its eigenvalues. Although power system is nonlinear system, 
it can be linearized around a stable operating point, which can give a close approximation to 
the system to be studied. 
The behavior of a dynamic autonomous power system can be modelled by a set of n first 
order nonlinear ordinary differential equations (ODEs) described as follows (Kundur, 1994) 
 
d
dt
x
= f(x,u)   (47) 
 0 = g(x,u)   (48) 
where x is the state vector; u is the vector of inputs to the system; g is a vector of nonlinear 
functions relating state and input variables to output variables. 
The equilibrium points of system are those points in which all the derivatives 1 2, ,..., nx x x$ $ $  
are simultaneously zero. The system is accordingly at rest since all the variables are constant 
and unvarying with time. The equilibrium point must therefore satisfy the following 
equation 
 
d
dt
0
0 0
x
= f(x ,u ) = 0   (49) 
 0 00 = g(x ,u )   (50) 
Where (x0, u0) are considered as an equilibrium point, which correspond to a basic operating 
condition of power system. 
Corresponding to a small deviation around the equilibrium point, i.e. 
 0x = x +Δx   (51) 
 0u = u +Δu   (52) 
The functions f(x,u) and g(x,u) can be expressed in terms of Taylor’s series expansion 
 d d
dt dt
20
0 0
x Δx
+ = f(x ,u ) + AΔx + BΔu + O( Δx,Δu )   (53) 
 
2
0 0 0u +Δu = g(x ,u ) + CΔx + DΔu + O( Δx,Δu )$ $   (54) 
With terms involving second and higher order powers in Eqs(53-54) neglected, we have 
 Δx = AΔx + BΔu$   (55) 
 0 = CΔx + DΔu   (56) 
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Where A, B, C and D are called as Jacobian matrices represented in the following 
 
∂
∂
0 0x ,u
f(x,u)
A =
x
  (57) 
 
∂= ∂
0 0x ,u
f(x,u)
B
u
  (58) 
 
∂= ∂
0 0x ,u
g(x,u)
C
x
  (59) 
 
∂= ∂
0 0x ,u
g(x,u)
D
u
  (60) 
 
If matrix D is nonsingular, finally we have 
 
d
dt
-1Δx = (A - BD C)Δx =ΛΔx   (61) 
 
The eigenvalues and eigenvectors of the state matrix can reflect the stability of the system at 
the operating point and the characteristics of the oscillation (Kundur, 1994). 
According to the established 7th order DFIG model described in Section 4, the state variables 
are Idr, Idrref, Ûdr, Ûqr, Iqr, Iqrref and s, respectively, and the algebraic variables are Uds, Uqs, Ids, Iqs, 
respectively. In small signal stability analysis, when the wind farm is integrated into the 
power grid, these algebraic variables mentioned above in d-q coordinate system need to be 
transformed to the synchronous rotating coordinate system (x-y coordinate system), i.e. 
these algebraic variables will be subject to 
 dq xy=U UT   (62) 
 dq xy=I IΤ   (63) 
Where T is transformation matrix, 
sin cos
cos sin
θ θ
θ θ
−⎡ ⎤= ⎢ ⎥⎣ ⎦
Τ ; θ denotes the phase angle of 
generator terminal voltage Ut, which can be obtained by the steady state power flow 
solutions. 
Accordingly, we can obtain 
 xy
d
dt
Δ Δ Δx = x + U
WF WF
A B   (64) 
 xy xyΔ = Δ ΔI x + UWF WFC D   (65) 
Where AWF, BWF, CWF and DWF are expressed as follows 
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1 1
1
2
2 2
2 2 2
1 1
1
2
2
ˆ ˆ                                 
1
( )
1
( )
1
( )
1
( )
dr drref dr qr qrref qr
s s
r r
m s m s
t t
s sr r
s s
r
s s
r r
m s m s
t t
s sr r
s
r
I I U I I U s
T X
X X
K U K U
X T XT X
K
K K
T T TT
T X
X X
K U K U
X T XT X
K
TT
ω ω
ω ω
ω ω
ω ω
ω ω
ω
Δ Δ Δ Δ Δ Δ Δ
− −′ ′
−′ ′
− − − −′
− −= ′ ′
−′ ′
− − −′
WF
A
2
2
2 2
2
s
m
t
s
K
K
T T
X
U
HX
ω
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥⎣ ⎦
 (66) 
 
1
1 1
1 1
1 1
1
                                          
0 0
1 ˆ0 ( ) 2
0 0
0 0
1 ˆ0 ( )
0 0
0
ds qs
m s m s t
dr dr
s s sr r
m s m s
qr qr
s sr r
m
qr
s
U U
X X K U
K I K U
X T X T XT X
X X
K I K U
X T XT X
X
I
X
ω ω
ω ω
⎡ ⎤⎢ ⎥⎢ ⎥− + −⎢ ⎥′ ′⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥− +⎢ ⎥′ ′⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥⎣ ⎦
WF
B T   (67) 
 1
0 0 0 0 0 0
0 0 0 0 0 0
s
m
s
m
X
X
X
X
−
⎡ ⎤−⎢ ⎥⎢ ⎥= ⎢ ⎥−⎢ ⎥⎣ ⎦
WF
C T   (68) 
 1
1
0
0 0
sX
−
⎡ ⎤−⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
WF
D T T   (69) 
Here, each generator in a power system to be studied can be represented as the 
aforementioned form in accordance with the dynamic model of itself. For a power system 
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consisting of n generators (including wind farm) with m state variables, by eliminating ΔIxy, 
we can get the Jacobian matrices of the whole system A, B, C and D (Wang et al., 2008)as 
given in following 
 [ ]G m m×=A A   (70) 
 [ ]
2
0G m N×=B B   (71) 
 
2
0
G
N m×
−⎡ ⎤= ⎢ ⎥⎣ ⎦
C
C   (72) 
 
2 2
GG G GL
LG LL N N×
−⎡ ⎤= ⎢ ⎥⎣ ⎦
Y D Y
D
Y Y
  (73) 
Where 
 
m m×
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D
D
1
WFG
n
A
AA
A
  (74) 
 
2m n×
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D
D
1
WFG
n
B
BB
B
  (75) 
 
2n m×
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D
D
1
WFG
n
C
CC
C
  (76) 
 
2 2n n×
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D
D
1
WFG
n
D
DD
D
  (77) 
Where, YGG and YLL are the self-admittance matrices of generator nodes and non-generator 
nodes; YLG and YGL are the mutual admittance matrices between them.  
www.intechopen.com
 From Turbine to Wind Farms - Technical Requirements and Spin-Off Products 
 
174 
Finally, the corresponding state matrix can be given in following: 
 = -1Λ A - BD C   (78) 
7. Probabilistic small signal stability analysis with wind farm 
7.1 Principle of Monte Carlo simulation 
Monte Carlo method is a class of computational algorithms that rely on repeated random 
sampling to compute their results. In uncertainty analysis, the relationship between the 
dependent variable and independent variable can be described as  
 =Z h(X)   (79) 
where X = [x1, x2, … , xm ] is the vector of the independent variables and Z=[z1,z2, … ,zn ] is 
the vector of the dependent variable. h=[h1(X), h2(X) , …, hm(X)] represents the function 
relationship between input variable and output variable. In general, if h is very complex, it 
is hard to solve the probability distribution of Z applying analytic way. In this situation, the 
Monte Carlo methods are employed to calculate the discrete frequency distribution which 
approximately simulates its probability distribution. The essence of the uncertainty analysis 
is to estimate the statistic properties of Z based on the statistic properties of X and the 
function h (Fishman, 1996). The most important statistic property in uncertainty analysis is 
the probability distribution, which is always described by the probability density function 
(PDF). Probability density function describes the probability density of a variable at a given 
value (Fishman, 1996). Therefore, the main objective of uncertainty analysis is to estimate 
the PDF of the dependent variable on the basis of the PDF of independent variable and their 
relationship function. Monte Carlo simulation is a repetitive procedure: (1) The random 
independent variable X is generated based on its PDF; (2) According to the relationship 
function h, the vector Z can be calculated; (3) Repeat (1) and (2), the PDF of the dependent 
variable Z can be estimated when the sample size (the number of repetition) is large enough. 
The justification of Monte Carlo simulation comes from the following two basic theorems of 
statistics: (i) The Weak Law of Large Numbers and (ii) The Central Limit Theorem. Based on 
the above two theorems, it can be proved that with increasing of sample size, the PDF of the 
dependent variable obtained by Monte Carlo simulation will approach to that of the 
population. 
7.2 Probabilistic small signal stability incorporating wind farm  
The flow chart of the Monte Carlo simulation technique for power system small signal 
stability analysis with consideration of wind generation intermittence is given in Fig. 6.  
It is well known that the uncertainty of wind generation is due to the uncertainty of wind 
speed, so we begin with the probability distribution of the wind speed. Fig. 7 shows a 
Weibull distribution function of wind speed with k = 2 and c =10. When a random wind 
speed is generated, the mechanical power output extracted from the wind can be calculated 
via a king of wind turbine model usually given by functions approximation. If the wind 
speed Vm is less than the cut-in speed Vcut-in or is larger than the cut-off speed Vcut-off, the 
wind farm will be tripped. If the current wind speed belongs to the speed range from cut-in 
to cut-off, the wind farm will be kept connected to the grid in power flow calculation and 
small signal stability analysis. The process is repeated until the pre-set sample size N is 
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reached. Finally, the probabilistic-statistical analysis can be conducted based on the results 
from different wind speed conditions mentioned above to reveal the impact of wind 
generation intermittence on power system small signal stability. 
 
 
 
Fig. 6. Flow chart of Monte Carlo based probabilistic small signal stability analysis 
incorporating wind farm 
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Fig. 7. Weibull distribution with k = 2 and c = 10 
8. Application example 
The IEEE New England (10-generator-39-bus) system was employed as benchmark to test 
the proposed model and method. The single line diagram of the test system is given in Fig. 
8. In this system, the classical generator model is applied to the synchronous generator G2. 
The 4th order generator model with a simplified 3rd order exciter model is applied to the 
remaining 9 synchronous generators. It should be noticed that there is no any power system 
stabilizer considered in the test system. All simulations were implemented on the 
MATLABTM environment. 
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Fig. 8. Single line diagram of IEEE New England test power system 
A wind farm with 200×2MW DFIGs is integrated into the non-generator buses, i.e. bus1-
bus29. The corresponding parameters of wind turbine and DFIG are given in Table 1. 
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According to the procedure given in Fig. 6, the frequency distribution of wind speed by 
applying Monte Carlo method to the Weibull probability distribution of wind speed can be 
calculated as depicted in Fig. 9. The sample size is set to be 8000 during simulation. 
 
Parameters Values 
ǒ 1.2235 kg/m3 
R 45 m 
Cp 0.473 
Vcut-in 3m/s 
Vcut-off 25m/s 
Vrated 10.28m/s 
Rs 0.00488 
Xls 0.09241 
Xlr 0.09955 
Xm 3.95279 
Rr 0.00549 
H 3.5 
K1 0.1406 
T1 0.0133 
K2 0.5491 
T2 0.0096 
Table 1. Parameters of wind turbine and DFIG with 2 MW capacity 
 
 
Fig. 9. Frequency distribution of wind speed 
Next, in accordance Eq. (1) and the frequency distribution of wind speed as shown in Fig.9, 
for the wind farm with 200*2MW capacity, the probability distribution of wind farm power 
output can be finally obtained as shown in Fig. 10. From Fig.10, there exist two 
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concentrations of probability masses in the distribution: one corresponds to the value of 
zero, in which the wind farm is cut off; the other corresponds to the value of 400MW, in 
which the rated power output is generated by the wind farm. 
 
 
 
 
Fig. 10. Probability distribution of wind farm power output 
Fig. 11 shows the frequency distribution of the real part of eigenvalues when the wind farm 
is connected to bus20.  
 
 
 
 
Fig. 11. Probability distribution of real part of eigenvalues with wind farm integration into 
bus20 
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According to the statistical analysis based on Fig. 11, we found that there is a probability of 
roughly 39.1% (3128 out of 8000 in simulation) that the real part of the eigenvalue will be 
positive, in which situation the system is small signal unstable. Therefore we can conclude 
that the stability probability of the test system is 60.9% in current operating condition. 
Furthermore, there exist two concentrations of probability masses in the distribution: the left 
one corresponds to the situation that the wind farm is cut off; the right one corresponds to 
situation that wind turbine generates rated power. 
Under the same wind speed condition, the wind farm is connected to the bus1-29, 
respectively. The corresponding results are given in Table 2. 
 
 
 
 
Bus No. of wind generator Stable Probability
20 200 60.9% 
Others 200 100% 
 
 
Table 2. Small signal stable probability with different wind farm integration position 
Electro-mechanical oscillation mode can be picked out according to the electro-mechanical 
relative coefficient or the frequency of oscillation, i.e. ǒ>1 or 0.1<f<2.5Hz (Wang et al., 2008). 
The mean and standard error of the mode properties: frequencies, Electro-mechanical 
relevant ratio, damping ratio, and the participating factors are given in Table 3. We found 
that the 9th EM oscillation mode is unstable with a probability of 39.1%, and it is actually the 
pair of eigenvalue that determines the small signal stability probability of the whole system. 
In summary, according to the simulation results discussed above, we can conclude that the 
deterministic small signal stability analysis can be considered as a special case study in the 
probabilistic small signal stability analysis. Especially, the probabilistic small signal stability 
based on the Monte Carlo method can evaluate the test power system more objectively and 
accurately. 
9. Conclusion 
This chapter addresses the impact of intermittent wind generation on power system small 
signal stability. Firstly, the well-known Weibull probability distribution is employed to 
reveal wind speed uncertainty. According to the Weibull distribution of wind speed, the 
Monte Carlo simulation technique based probabilistic small signal stability analysis is 
applied to solve the probability distributions of wind farm power output and the 
eigenvalues of the state matrix. Finally, the IEEE New England test power system is studies 
as benchmark to demonstrate the effectiveness and validity of the propose model and 
method. Based on the numerical simulation results, we can determine the instability 
probability of the power system with the uncertainty and randomness of wind power 
consideration. And from viewpoint of small signal stability, the most suitable integration 
position for wind farm can be determined as well. 
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Frequency Damping ratio EM relevant ratio EM 
mode 
Mean Std Mean Std Mean Std 
Most 
relevant 
generator 
Stability 
1 1.5021 0.0000 0.0506 0.0002 22.9116 0.1119 G8 100% 
2 1.4816 0.0003 0.0613 0.0002 36.1465 3.9023 G7 100% 
3 1.4569 0.0006 0.0642 0.0010 10.2773 0.3156 G4 100% 
4 1.2794 0.0001 0.0363 0.0005 29.5096 0.2265 G8 100% 
5 1.2642 0.0013 0.0133 0.0026 91.3249 25.3277 G2 100% 
6 1.1370 0.0024 0.0375 0.0001 32.0537 0.0459 G6 100% 
7 1.0394 0.0040 0.0084 0.0027 35.6480 1.9408 G9 100% 
8 0.9817 0.0012 0.0066 0.0019 48.0187 8.0547 G6 100% 
9 0.6554 0.0020 0.0030 0.0033 52.8691 4.1706 G10 60.9% 
 
Table 3. Properties of EM oscillation modes with wind farm integration into bus20 
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